Mathematical modelling of wind turbines

%

A.Ibrahim (UKZN)
K.Kanapi, N.Whittaker, A.Theophilopoulos
D.P. Mason (WITS)

January 19, 2024



Outline
—

The Betz Limit
The full wake
Turbulent far wake

v#0

v—0

v=20

How should we space wind turbines?

Stress analysis of blades

JOHANNESBU



The Betz Limit
—
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The full wake
P ——

We found using a similarity solution approach that,

w=FE), v = \}EG(S)’ =

Conserved quantities

D= /0 TR (e, J=z | ere)de.
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Turbulent far wake

—

_ / — /
Vy, = Uy + v, Up = Up + 0,

v, =Up—w

Kinematic Eddy viscosity

vp = 12(2)

: (1)

or

Far wake approximation
1. We drop products of w and/or o,.

2. Retain the vy term.




v#0

[
w=z"1F(¢), o =2 2G(E), €£= \%
The wake boundary and Prandtl’s mixing length:
b(z) = Bz%, Uz) = Koz%.
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v— 0

where,
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=2 5 F(8), 0 =273G(E),  £=-1.
23
The wake boundary and Prandtl’s mixing length:
b(z) = B*23, Uz) = EE‘)Z%.
Uo 3 3\ 2
= — * <E<BF
F(E) = gz (92 - €1) 0<E< B,
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Plots
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Figure: Numerical comparisons
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How should we space wind turbines? 10
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How should we space wind turbines?

—
v#0:
100F'(0)
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= Uo
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Stress analysis of blades

—

Fnet =F+ F*a
where,

F*:—(dw> X1r—wx (wxr).
dt )
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Stress analysis of blades

—

Boundary conditions:
1. Blade edge is traction free.
2. Tip of blades have no normal/shear force or moment.
= Y
Let # = 2 and § = ;.
Stresses:

1 b\* (1
Tow = —pw?a® |1 — 2%+ 20 ( — ——7),
2 a 3

Ty = 0,

1 _
Tyy = §Pw2b2(1 - 3/2)-




Maximum stresses

—

Maximum normal stress

Fmar _ %pw2a2

This occurs at (z,7) = (0,0).

Maximum shearing stress

1
Smaz = pr2a2

This occurs at (z,y) = (0, £1).
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Maximum displacement
—

The maximum displacement occurs at (z,y) = (Zo,0)

b 2
To =+ 1—2(@),

with magnitude,

2.3
pw-a
umer

v 3E

Note:
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Deformation 16
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Figure: Deformed beam




Fractures
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Figure: Normal stress fracture.
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Fractures

—

Figure: Shear stress fracture.
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Fractures

—
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Figure: Extension stress fracture.
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